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On the Droplet Formation in Dependence on Thermodynamic
Constraints

F. SCHWEITZER

1. Introduction

We consider a closed and finite system with N free particles
being an ideal gas mixture. We fix the thermodynamic con- -
straints

N = const, V = const, T = const (1)

in such a way that the pressure of the supposed ideal vapor

N
P = d _nm.._. ANV
is larger than the equilibrium pressure Pw(T) of the satura-

ted vapor, that means the system is in a supersaturated state.
We define ‘the initial supersaturation y as follows:

Nk T
s B a B
Y P " PmV , (3)

To reach the equilibrium state the system shall be able on

principle to undergo a phase transition. If the initial state

is a metastable one, that meane there exists an energy barrier

for the phase transition, the phase separation takes place by

@ nucleation process, where an overcritical droplet is formed,

Undercritical droplets diminish again,

This paper deals with the problem how to choose the thermodyna-

mic parameters respectively the initial supersaturation

(1) to find an overcritical droplet at all

(11) to obtain a droplet being mors stable than the initisl
vapor phase

(111) to change the nucleation nwooouo into & spinodal decompo-
sition, that means the nucleation barrier is diminishing,

2. Kinetic Description of n:m,owobwmn Evolution . .

We suppose that a single droplet has formed in the system and
evolves due to the following kinetic mechanism:

w + .
>H + A > A ’ . :

1 5= v (4)
.
(N-1)A; T (N-1-1)A,
w= .

1 is the number of particles bound in the droplet (1€ N). Both .
reactions (4) are coupled by the limitation of the overall par-
ticle number, -

The droplet evolution is assumed to be a Markovian birth and
death-process. If we define P(1,t) to be the probability to
find the droplet with 1l particles at the time t, then the fol-
lowing master equation describes the time evolution of P(1,t):

P(L,t) = w'(1-1) P(1-1,t) + w™(Ls1) P(le1,t) -
o= e [wt) « W] (s)

A}

w* and w™ are the transition probabilities per unit time as al-

so introduced in (4), We define ﬁ:ma as follows: Co
wh(l) =133 8L _

(1) = w123 473 e

A, 1is the de mmnuwuwmtm¢w,pmznn:,oﬁ the free particle and £
is a potential mc:nnuo:“.*w,u -Al + B1%/3 with *H,n\o and

>v8‘ww,
.>NI xm.._.. HJ ﬂ»& A,\

N /
B -..uaiaon\uv-m\uo\ (7).
% is a constant with respett to the special properties of the
droplet like the liquid ao:wwm< € ﬁvmwnpnwmw\auu . the sure .
face tension G and the temperature T, ,
Computer simulations with the given transition probabilities
demonstrate the several stages of the stochastic evolution of
the droplet during the phase transition. But in this paper we
are only interested in the wn:uw»cwuca probability distribu-
tion. . '
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3. Equilibrium Distribution and Extremum Condition

4romncuwavwwcsaﬁmnwwvcnwo: vonwvxmocnmpz mﬂoson.ﬁmulunr
the condition of detailed balance: .

wh(1) P(1,t) = w™(1+41) P(l+1,t) (8)
It yields:
£ +
P°(1) = PS js:- =)
i=2

with the normalization

1 ¥V, -1
o _ w ~1
PN 1e ) _ ~_ x._..,rmﬂ.w
i

(9)

n=2
If we introduce a stationary potential

¢ .
Ds(1) = = kT 1n > ﬁ.h.n*..._..n%p (10)

2

Pt

voﬁu.v = mvn_ mxv. - IMWA..I (11)

Note, that in the considered case Quwﬁwv corresponds to the

change of the free energy by the formation of the droplet with
8ize 1 in the systen.

eq. (9) results in:

Due to the thermodynamic parameters P°(1) can be a bimodal or
an unimodal distribution. The existence of two maxima repre-
gsents the coexistence of the vapor phase (1l=1) and the droplet
phase (1=1,,) where the stable droplet size is defined by the
right maximum of P°(1) (see fig. -1). The minimum of PO(1) 1s
relative to the 01Hnuomw droplet size Hoﬁ caused by the nuc-
leation barrier, z:mwmnmﬁv:mm got its maximum,
To obtain an equation which gives a relation betwesén the. ex-
tremum droplet states and the thermodynanic parameters respec-
tively the supersaturation we use the extremum condition of
PP(1) in the form
P(15) = p°(1F,1)

and get with the condition of detailed balance (8) the mxnﬂmj
mum condition:
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TR A ﬁw_.sm:-ml (12)

mw introduction of the droplet radius r instead of the bound
particle number 1

P = (arees3)7t 1
it yields approximately from eq. (12)°

(N-47coc/3 r] JkgT

In Poo V

(13)

where d_ = 26 (co xmduln is the capillary length (for liquids
normally about 10 R),

Eq. (13) possesses two or one or no solution for re in depen-
dence on the thermodynamic parameters. It shall be discussed
now to mmamﬂspno the conditions for the existence of a droplet
in the system. -

4, Discussion

(1) First we investigate the conditions where an overcritical
droplet has to be mxvnonma on principle in the system. That is
the case when the bimodality of P®(1) is observed. This bimoda-
lity is just diminishing if How u.HMna that means eq. (13) has
only one solution. Thus we find the critical supersaturation
for the initial system .

Yep

- exp (14)

Az e/ 1\»@ aovu\a
For'y < <on the system noeommmao only one (meta)stable state
due to the vapor phase, where no overcritical droplet is able
to be formed, while for y > Yep @ steble droplet is possible
to exist, That means <ov has to reached at least initially to
insert the nucleation process, That's why Yep 9ives the so
called cloud point for the phase transition w< condensation 1in
the finite system. : :

Yep

(11) The existence of an overcritical droplet does not. imply
sufficiently that the droplet is more stable than the initial
vepor phase. This means in terms of the equilibrium probability
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that in dependence on the initial supersaturation the vapor be-
comes more probable than the droplet or vice versa. Only for a
certain supersaturation Yooex the vapor and the droplet have
the same probability. For this case the stable droplet radius
hes to validate eq. (13) and the additionsl condition: P%(1) =
P(1). It leads to the condition for the stationary potential

Pe(1) = 0 (25)

umnm:mmnvmﬁpv is also equal to zero.

Thus we can calculate Ycoex from the system of equations (13),
(15). For y > Ycoex the droplet becomes mre stable and thus
more probable than the initial vapor phase, for y < Yeoex the
vapor possesses the larger equilibrium probability,

(1ii) The nucleation barrier becomes smaller and smaller with
an increasing supersaturation and the critical droplet size l.r
changes to smsller values too. At a certain value of the super-
saturation Hnﬂ comes into the molecular region (only 1 or 2
particles). In this case the nucleation barrier ceases to exist
and the nucleation process is converting into a spinodal de-
Composition. Thet means the initial stable state becomes un-
stable instead of metastable and the equilibrium probability
of the vapor phase tends to zero.

We can estimate this critical supersaturation by means of eq.
(13) 1f we assume, that in this case the relation Z|H01 AN is
held. The ‘supersaturation for the convertion into spinodal de-
Composition then is given by

Yed ™ o,vao\nmv. - (16)

where r, is the radius of the molecular size (a few mv.

5. Conclusions

First we give a schematic review of the discussed results by
plotting the shapes of P°(1) for various velues of the initial
supersaturation (see fig. 2). It shows clearly the close rela~
tion between the thermodynamic parametere and the existence of
a stable droplet. In fig. 3 the bistable behavicur of the con-
sidered system is demonstrated. Y gives a measure for the’
distance froam the equilibrium state. In analogy to nonequili-
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brium chemical systems a new stable state is OUnmw:oa far from
equilibrium. The transition takes place by a nucleation process
for y < Yad* o
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Fig. 1 Equilibrium probability distribution versus cluster
size. Hwﬁ is the stable nwouwoﬁ size, Hoﬂ the critical
droplet size
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Fig. 2 Schematic plot of the equilibrium distribution in
dependence on the initial supersaturation
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Fig. 3 Stable and critical droplet size as a function of the
distance from equilibrium Amcumwwmn:1mﬂno:v
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Nichtgleichgewichts- 01mm:oo:m m::xnwo:m: und kinetische
Gleichungen

K. HENNEBERGER

Anliegen der vorliegenden Arbeit ist die Bereitstellung eines
Formalismus zur zun:nmwonn:mwino:nmnmmmorﬂmwcczm von Vielteil-
chensystemen, der die Ableitung von kinetischen mwm»or::mw: auf
dem Niveau von Naherungen gestattet, wie sie aus der Behandlung
dieser Systeme im thermodynamischen Gleichgewicht bzw. bei

T = O gut bekannt sind.. Das Vorgehen wird am Modell des Elek-
tronengases demonstriert, ist aber f{r beliebige Systeme ‘durch-
fahrbar, Der Hamiltonoperator lautet -

Hos Ho o+ Hooos Ho o (8), w } . (1)
S Y- Eavo, _ (2)

Hone = 58 ¥ v ) vl ¥ () Y () @)

©Hg (1) = % &% mux_" ?3% %xi?-&a L GRA” (4)

Y,%* sind Feldoperatorsn der Elektronen, von deren Spinabhsn-
gigkeit wir hier zur <mwou:mmo:c:m -absehen. Desgleichen soll
aow spezielle Charakter.der no:woscusonsoouxuﬂxc:m. also. viw) =
e \_ #-«1, und nnsnn das 11ocwoa der >umo=nﬂnsam nicht betrach-
tet werden, . ' il ) .
zuo:nmwono:mmswosnv8nwn ncwm: extern ro:nwowwuowno Ladungen ge-
m3B (4)- und nicht durch Anfangsbedingungen - produziert, und
wir interessieren uns fir die zeitliche _Entwicklung des Systems
unter dem Einflu8 nuomm1 mechanischen mnowcam. Da in diesem
Sinne der EinfluB von beéstimmten >nam:mmcoa»:uc:mo:. speziell
von -korrelationen, ebenfalls nicht interessiert, wird der An-
fangszeitpunkt bei t,—> — gewdhlt und der statistische Ope-
rator @ (-c) =€, m“_.m unkorreliert angesetzt.

Wie dblich kénnte man jetzt kausale Greensche Funktionen (GF)
Giber die Feldoperatoren im Heisenbergbild definieren und nach
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